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Ahstruct: Contact Riemannian geometry is used to study equilibrium thermodynamical systems as embedded 
submanifolds of the thermodynamical phase space. A metric compatible with the contact structure is chosen 
and proved to be invariant under Legendre transformations. With this metric structure all curvature information 
is contained in the second fundamental form, since every equilibrium thermodynamical system has constant 
torsion equal to l/2. Defining contact Hamiltonian vector fields, analogue to the symplectic ones, we find a 
group of contact metric automorphisms which allows to classify distinguishable thermodynamical systems. 
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1. Introduction 
In the seventies basically two distinct approaches appeared to study the geometry of thermo- 
dynamical systems. One was proposed by Hermann [ 1 l] and later explored by Mrugala [ 14,151 
and Dubois and Dufour [4] (see also [3, pages 108-I 14, 136-141]), in which the thermodynam- 
ical phase space and its natural contact structure (also called the first law of thermodynamics 
in this setting) give the basic geometry. The second was introduced by Weinhold [30] (see 
also [ 19]), and is based on metric considerations, where the metric is given by the hessian of the 
internal energy, whose positiveness is guaranteed by the second law. The second approach moti- 
vated a large number of articles (see, for example, [5,7,18, 19,2 1,22,24,25]). Both approaches 
were considered in a common ground in [23] and [ 161. The idea was to derive Weinhold’s metric 
from physical considerations and incorporate it into the first approach. However, the resulting 
metric, inducing Weinhold’s metric, was not invariant under Legendre transformations, which 
meant that a given thermodynamical system had different geometrical properties, depending on 
the thermodynamical potential used. The use of Legendre transformations to study Lagrange 
submanifolds for the symplectic approach to thermodynamics is found in 1291. There was also 
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a third “extrinsic” approach proposed by Gilmore [6,8], that gave rise to a discussion on the 
geometric significance of Weinhold’s metric [20,12,9]. 
In this paper we introduce a new metric based on purely mathematical arguments, making 
it compatible with the contact structure associated to the thermodynamical phase space (TPS). 
Consider the case of symplectic geometry. It is known that for the symplectic structure given 
by w, it is possible to find a metric g and an almost complex structure J associated to it. If the 
symplectic structure is parallel with respect to the Levi-Civita connection of that metric, then J 
is also parallel and integrable. The structure (0, g, J) is said to be Kahler, and it has important 
properties that facilitate the study of the geometry of the manifold. Following similar ideas, 
in Section 2 we introduce a metric that is compatible with the contact structure, as defined by 
Sasaki [26]. We prove that it is invariant under Legendre transformations, and this suggests that 
the TPS could be reduced to a space in which the geometry of the thermodynamical systems 
would be intrinsic, that is to say, independent of the thermodynamical potential used. We explore 
this in the appendix. 
In Section 3 we study some geometrical properties of Legendre submanifolds that correspond 
to the state space of the thermodynamical systems. For the metric compatible with the contact 
structure, we find that the space of thermodynamical equilibrium has torsion l/2; hence all 
the curvature information is contained in the second fundamental form. There is a remarkable 
similarity between the formula for the sectional curvature in the equilibrium states manifold for 
our metric and that of Weinhold’s metric. 
In Section 4 we study deformations of thermodynamical systems (their state space) through 
the Lie algebra of infinitesimal automorphisms of the metric contact structure. The invariance 
of the metric with respect to Legendre transformations allows us to consider deformations of 
the contact metric structure that transform separately extensive and intensive variables. Since 
this type of transformations preserves the convexity of the internal energy function, we have the 
action of a group on the space of all themodynamical systems (for a given number of degrees 
of freedom). However, the action of this is not free, and we use a two-step reduction to classify 
the set of thermodynamical systems into distinguishable ones. This classification procedure is 
carried out in Section 5. 
We acknowledge W.M. Tulczyjew very much for reading the paper and raising questions 
about it, which led us to a better writing of Sections 2 and 5. This research was partially 
supported by CONACYT, grant 1772-E9210. 
2. The metric thermodynamical phase space 
Let (M2”+‘, q) be a contact manifold. It is well known [26] that M has an associated metric 
almost contact structure (@, 6, q, g), where 4 is a tensor field of type (1, l), 6 is a vector field 
and g is a Riemannian metric (which is said to be compatible with the almost contact structure) 
that satisfy 
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for arbitrary vector fields X and Y. Let D c TM 2n+’ be a 2n-dimensional distribution defined 
by 
D, = {X E T,M*“+ : r/(X) = 0) 
for each p E AcJ~~+‘. By the previous relations, we get, in particular, that $X E D for all 
X E TM’“+‘. From now on, we will use the indices A, B, C. . . = 1,2, . . . , IZ. 
Now we use the local coordinates (XA, 4’8, u). Monna [ 131 proved that every contact manifold 
is H-flat. That means that for each point x E M there exists a neighborhood U such that TM 1 Ij 
has a basis (eo, . . . , Q) isomorphic to the Lie algebra of the Heisenberg group: [eA, erriA] = r. 
and all other Lie brackets vanish. The canonical contact form 17 = du - C y/4 ~XA determines 
the set {($‘E,J, EB)} = {(a/ax, + 4’~ a/au, a/a.v,)) in TM*“” as a basis for D. which is 
completed by taking < = a/au to get the bracket structure [#EA, EB] = S,“<. 
Consider now the thermodynamical phase space identified with Iwzn+’ with coordinates 
(XI. , .x,[; ~‘1, . . , J,~; u), where XA denote the extensive variables: volume V, entropy S. 
and number of moles fV;, i = 1. . . , n - 2, of distinct chemical substances; the ?‘A denote cor- 
responding intensive variables: pressure p, temperature T, and chemical potentials pj; and u is 
the internal energy. We define the geometry on this space with all the elements previously given 
as globally determined elements in R 2n+’ Since the geometry of a thermodynamical system .
must be independent of the potential used, we need to choose a metric invariant under Legendre 
transformations to concentrate our study on the internal energy potential representation. We 
then define a metric g for which {($EA, EB), 6) = {(a/a~,~ + ?‘A a/au, a/ay,), ;)/ilu] is an 
orthonormal basis, by 
g = c [cdXAj2 + @:A)*] + q ‘8 q. 
A 
(1) 
Most of the results that follow (being of local nature) depend exclusively on g as defined, hence 
we will use the generic notation A4 *+’ for our contact metric manifold. We shall keep in mind. 
however, the applications to the TPS. This metric is not only naturally associated to the contact 
structure, it also behaves nicely with respect to Legendre transformations. Consider the set of 
indices { 1, . . . , n}, and I U J a disjoint decomposition of that set. A partial Legendre transform 
on M2r’+’ with local coordinates (XI, . . . , x,,, ~1, . . , y,,, u) is defined by (XI. _Y./, ~1. .\‘.I. u 1 H 
(XI. X.1, YI, YJ, U), where 
u=u-yyI.x,, Y, = -x1, YJ = ?‘.I. Xl = J-1. XJ = XJ 
In particular, for I = 64 and I = (1, . . , n}, we have, respectively, the identity and the total 
Legendre transformations. Legendre transformations are strict contact transformations, that is, 
they leave invariant the contact form. Moreover they also are isometries with respect to the 
already defined metric, as it is easy to check. 
Proposition 2.1. The metric (1) is invariant under Legendre tran.sformations. 
In the appendix we explore a possible reduction of the thermodynamical phase space based 
on this invariance of the geometry under Legendre transformations. 
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3. Geometry of equilibrium states 
It is well known [2] that the maximal dimension of an integral submanifold of D is ~1, 
and submanifolds of this kind are known as Legendre submanifolds. Let 1 : M” -+ M2n+’ 
be an integral submanifold of D and denote by G the Riemannian metric on M” induced by 
this embedding. Let V and V be the Riemannian connections of g and G respectively, and 
KO=~JU~h?...t%~ an orthonormal basis for the normal space to Mn in M2n+‘. We have the 
following relations: 
i&Y = V,yY + a(X, Y), 
0(X, y> = 2 hA(X, Y)tA, 
A=0 
for X, Y E F(Mn, TM”). 
It is well known that the metric (1) is Susakian, that is, for the Levi-Civita connection V of 
this metric, the following equality holds 
&4dy = ;kdx w - rlmw. (2) 
The importance of the Sasakian structure is given by the fact that every Sasakian manifold 
embeds as a hypersuface in a Kahler manifold [28] (we will use this at the end of Section 4), 
and (assuming that the vector field c is regular and complete) it fibers over a Klhler manifold 
with fiber S’ or Iw’ .We use the relation (2) and a straightforward calculation to get: 
Proposition 3.1. The following relations hold: 
Definition 3.2. A thermodynamical system is represented by a Legendre submanifold of the 
TPS given by the embedding 1 : (XA) E-+ @A, YA, u) with u = u(xA) and yA = au/a&,, and 
such that the internal energy u is convex, i.e., the matrix of second derivatives (a2u/axA ax,) 
is positive definite. 
This definition justifies the study of this kind of submanifolds. For the embedding defined 
above we have 
G = 1*g = I + 
and defining FA = l*a/axA = #EA + C UAB EB we get the following 
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derivative on functions given by [ 1,171: 
Df = df - Ef>r. 
In local coordinates (x,J, yB, u), it is given by 
Df = af af z + y;z Ax; + af dq'i. 
. I 0 a4’, 
Now we associate to every function f on M 2n+’ its contact Hamiltonian vector field X, by 
requiring 
ix,dq = -Of, ix, rl = f, 
that is, in local coordinates, Xf is expressed by 
x, = 
To be a strict infinitesimal isometry of the contact structure, that is, Ljx, g = 0 and Lcx, q = 0. 
the function f must satisfy 
a2f 
aXA aYB 
+ @f o 
ayA axB = ’ 
and 
_~ _ a2f 
;Pf 
~ = 0. 
axA axe hA aYB 
In another way, setting (z,, . . . , zzn+l) = (x1, , .xrr; yI, . . , yn, u), we have 
where A and B are IZ x y1 matrices, A is symmetric and B is skew-symmetric. For a function of 
this type, X f is expressed in local coordinates, using the natural basis (EA. # EB. 0, as 
X,f = SEA - +$$EA + f ' { 
A 
Now the bracket of two such vector fields [X, , X,] is a vector field whose generating function 
can be determined by q(X,,) = r([Xf, X,]). Hence, h = -X,(f), or, in local coordinates. 
,$=af?!_af%. 
axA i]yA ayA axA 
A direct calculation shows that h does satisfy (4). Therefore we have 
Proposition 4.1. The set of injinitesimal automorphisms of the contact metric structure (~1, ,y) 
form a Lie algebra. 
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Since the geometry in TPS is invariant under Legendre transformations of the energy function, 
we are particularly interested in deformations of the equilibrium states that can be described as 
graphs of the energy function u, that is, those which move extensive and intensive variables sepa- 
rately. We will call such transformations thermodynamical deformations. Since iA = -af /dyA, 
and j,, = af /ax*, we want af /i3yA to depend only on the X’S and af /axA to depend only on 
the y’s. Hence, setting (x, y) = (xi, . . . . x,; yl, _ . . , yn), Equation (4) implies that 
f(x,y,u) =xBy+a.x+b.y+k (5) 
where B is a constant skew-symmetric matrix of order 12, a, b are constant vectors, and k is an 
arbitrary constant number. Consider two arbitrary thermodynamical deformations Xf and X, 
with corresponding functions f as in (5), and g = x C y + c . x + d . y + k’. Then the generating 
function h of [X,, X,] is given by 
h=x(CB-BC)y+(cB-aC).x+(dB-bC).y+a.d-b.c. (6) 
Using the fact that B and C are skew-symetric, we can easily verify that: 
Proposition 4.2. The set ‘J;, of thermodynamical deformations is a subalgebra of the Lie algebra 
of injinitesimal automorphisms of the metric contact structure. 
Considering the thermodynamical deformation (5), we get the system of differential equa- 
tions 
ir=Bx-b, jr=By+a, li =a.x+k. (7) 
Suppose that we start with a thermodynamical system given by the Legendre submanifold of 
the contact structure defined as u”(x~), y; = au”/i3xi, and we move it along the flow at that 
integrates (7). Then the corresponding Legendre submanifold at time t will be given by the 
function 
uf (x) = u”(eCBt (x(t) - at - fi) + /I) + I’ aeB(“-‘)(x(t) - at - p) ds 
+a_ag+(a./3+k)t. 
where cz and p are vectors defined by the equations B CY = 0 and B /? = ct - b. Thus 
where A = exp( -t B) E SO(n). Therefore u’ is also convex. We establish this result in the 
following theorem, which justify the name given to this kind of deformations. 
Theorem 4.3. The thermodynamical deformation of a thermodynamical system is also a ther- 
modynamical system. 
The Lie algebra ‘IJn is isomorphic to the opposite of the Lie algebra %Y,& of all matrices of 
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Lemma 3.3. I?(F*, FB, FA, Fp,) = 0. 
Proof. We need to compute ?F, ?F~ Fc. Note first that 
OFB~C =V@~R+C * UBDED (WC + 5 UCC EG) 
= c ~BCGEC +c WA-&~) + c UED(-$D&> 
=;: 
G D 
UBCGEG. 
G 
Hence, 
+~QD ~(E& 
[ 
ACG)EG +UACG%$G) 
= &x,d:- $md. 1 G 
Thus, I?F,,F~ FA = 0, and we get the result. 0 
Blair [I?] proved that if X is tangent o M”, then ~#IX is normal to M” in M2n+‘. Moreover, 6 
is also normal to M”. He also proved that 
hO(X, Y) = 0. (3) 
We use this last result to see that h”(FA, FB) = g(?~,~ FB, 6) = 0, that is, 9,~~ FB is orthogonal 
to 6. This implies 
By Lemma 3.3 and Gauss’ formula, we have 
R(FA, FB. FA, FBI =g(a(FA, FA),~(FB, FB)) -g(a(F4, FB),~(FB. F4)) 
= ~(~'(FA,FAP"(FB,FE) -h“(FA,Fg)hC(F~, FA)). 
C 
Since (4 FA } form a basis for the normal bundle of M” in AII~“+~ (together with <), we express 
?$A as 6~ = c cEA&FB. Then we have 
B 
hC AB = h’(Fil. FE) = g(GFAFB, ~ac&Fu) = - xac@,4Bn. 
D D 
We conclude that 
h;*h& - hzBhgA = CLICDaCE(UAADUBBE-UABDUAOE) 
D,E 
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Therefore, 
R(FA,FB,FA, FB)=~(? ) WDWE (UAADUBBE-UABDUBAE). 
Since CacDac~ = GDE, we have a formula for the sectional curvature on M”. 
C 
Theorem 3.5. Let (M2”+‘, q, g) be a contact manifold with a metric almost contact structure 
given as above. Let 1 : M” + k!2n+1 be given by (x/,) ++ (XA, YA, u), with u = u(xA) and 
)Q = aula&,. Th en the sectional curvature K(y) of a section y spanned by a/axA and a/i& 
is given by 
c GcD( UAACUBBD-UABCUABD) 
K(y) = “D 
GAAGBB -G;B 
where 
G = l*g, c GACGcB = SAB and LLABC = 
a3u 
C axA axe axC. 
On the other hand, Grifone and Morvan [lo] introduced the notion of “external curvatures,” 
that measure the distance between the submanifold and osculator spaces. Specifically, they 
define for m E M”, the spaces (T& = T,,,M”, (Ti), = [ima,], and (Tz)~ = [im ~521, 
where (T is the second fundamental form and L2 : T, M” x (T,),,, -+ TkM” is given by 
(X, CA) I-+ prr,l ?:$A. They also define higher order operators, but we only need these. Now 
the 2-external curvature (the torsion) is defined as 
(k2hn = Sup IIL2W~~)ll~ 
XET,M”, llXlj=l 
&4~(~ILrl~ lItA=l 
Theorem 3.6. Let M” and (M2”+‘, n, g) be given as in the previous theorem. Then M” has 
constant torsion equal to l/2. 
Proof. By Lemma 3.4 and eq. (3) we know that Tl = span(@ FA). We now compute using (2) 
~F,,(@FB) = $%~@)FB +$@F~FB)I 
= ik(FA, FB)$ - v(FB)FA •I-@@F~FB)) 
= ik(FA, FBX +$@F,FB)I 
Hence (Tz)~ = span(c), and L2(FA, @FB) = ig(FA, FB)~. Therefore, k2 = l/2. 0 
Note that this is true independently of the specific dependence of u with respect to (xA). In 
particular, all curves given by t H (t, f’(t), f(t)) in IR3 with this metric have torsion l/2. 
4. Deformations of equilibrium states 
For any contact manifold M2n+’ with regular distribution generated by t it is possible to fibre 
it over a symplectic manifold M 2n The connection form is given by q. We obtain a covariant .
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where B is a skew-symmetric n x YE matrix, a and b are row vectors of order y1 and k is a real 
number. The isomorphism ?C& + y:P is given by P I+ f = x B y + ax + by + k. If P H f 
and Q F-+ g, then [P, Q] I-+ -{f, g), (cf. eqn. (6)). The set of matrices of the form 
constitutes an ideal of %&,, isomorphic to the opposite R$+, 
berg group of dimension 2n + 1, and the quotient Lie algebra 
have the Levi decomposition 
of the Lie algebra of the Heisen- 
is isomorphic to SO,. Hence we 
where y is the derivation v(Y)X = -[X, Y], with Y E SO,, and X E EM;:+,. 
Since integration of the system of differential equation (7) involves exponential of an skew- 
symmetric matrix the involved group is exactly SO(n). The above Levi decomposition cor- 
responds to the semidirect product of groups Gzn+i xi- SO(n), where Gzn+i is the group 
correspondig to ?CLii+, by taking exponentials. Therefore we conclude: 
Theorem 4.4. The group H L(n) of thermodynamical deformations is isomorphic to G2,,+ I x I- 
SO(n). 
On the other hand, we consider the track of the deformation, or isotopy, that for each X, E 
EC,,, and each thermodynamical system 1 : 44” -+ M2n+1, is given by a map F; : M” x IR -+ 
M1”+ I x IR defined by Fj(x, t) = (at(l(x)), t), where @, is the flow that integrates X,. 
Indeed, since the system of differential equations associated to Xf is affine, the solutions are 
defined for all time t E R. We endow N = Mzn+’ x i”R with a Kahler structure by defining 
the almost complex structure J on N as J(X, h . d/dt) = (4X - h . 6, q(X) d/dt), and the 
metric g’v by gp I) = 
and (z, t) E Min+’ 
t’g + (dt)*, where X is a vector tangent o M2n+1, h is any real function, 
x R. It is known that (N, gN, J) is Kahler, being MZnf’ Sasakian [28]. 
Now the two-form w determined by the condition c+~)(Z, W) = g&,(Z, JW), for any pair 
Z. W E TCz,,,N, is symplectic. Given two vectors X + hl d/dt, Y + hz d/dt tangent to 
M” x W, with X, Y E T,,M”, we have, for l(p) = z, 
Y+hz$) =g:,t) (X + hl . $3 #Y - h2( + q(Y). ;> 
= r*g(X, @Y> - hz. q(X) + hi q(Y) 
=o 
since q(X) = r](Y) = 0, and @Y is orthogonal to the tangent space TM”. Hence we have the 
following result. 
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Theorem 4.5. For each thermodynamical system L : Mn + M2n+’ and f E ‘J;,, Fj defines a 
Lagrange submanifold of the symplectic manifold N = M2”‘+’ x I%. 
5. The space of thermodynamical systems 
Define the set 0 of thermodynamical systems by 
0 = (VU : IF + R?+r I G(X) = (x, Y, 4x)); Y = grad 4. 
To study this space we need to lift the action of HL(n) (originaly defined on iRZnf’) to 0. 
However, as it is easily seen, the action of this group is not free on 0. Therefore, to classify 
this space into distinguishable thermodynamical systems, we proceed in a two-step reduction 
as follows. Consider the trivial fibration 
Then each 40, can be seen as a global section. 
Now consider the subalgebra A of YtLc, given by matrices of the form 
whose correspondig vector fields are X = 0, y = a, U = a . x + k. These vector fields determine 
the action of the Lie group D, associated to A, on 0. It is easy to see that the orbit D, = 
{S . cpu 1 6 E D} of this group on each (pU, determines a connection V,, by defining the 
horizontal space as the tangent space to the section 40, and transporting this space to any point 
(PI, P2, P3) E i@+’ which can be reached by solving for a and t the equations x0 = pl, 
yo + at = p2, uo + (k + a. xo)t = p3. 
Hence the set Corm of connections determined by 0 and D gives a first reduction of the 
space of thermodynamical systems Corm= O/D. 
There is a well-defined free action of the quotient group h/c, = HL(n)/D, isomorphic to the 
group of rigid motions of RR, on Conn. Since Corm is a contractible space, the quotient space 
d@ =Conn/M, which we call distinguishable thermodynamical systems gives (Conn, dO) as 
a classifying space for M,. Now the classifying space of a group has the homotopy type of the 
classifying space of its maximal compact subgroup. Therefore we obtain 
Theorem 5.1. JQ(~@) = nk-1 (SO(n)). 
Appendix. The reduced thermodynamical phase space 
Consider RF+’ = (I@” x IR, where IRg = R2 - {0}, with coordinates (zt , . . . , zn, u> with 
ZA = (xA, ye), where XA denote the extensive variables, yA the intensive variables and u the 
internal energy. We think of zA as a complex number as convenient. We endow FL?+’ with the 
global metric contact structure described above. 
Geometry and thermodynamics 215 
Notice first that the set of Legendre transformations acting on R2n+’ does not form a group. 
To get a better description of the TPS we need to perform an initial reduction. Consider Z2 as 
the multiplicative group { 1, -l}, and define the action of (22)” on (Ik?~)n. (i&$ x (JR;)’ - 
(lR$Y, given by (a~, . . . , a,; ZI, . . . , z,) - hzl, . . . , unzn), where zA = (XA, YA) is a pair of 
conjugate variables. Since this defines a free action, the quotient A?2n+1 = (R.$” x R/( (Z# x 1) 
is well defined. This reduction is justified since extensive variables are non-negative, and we 
can choose a representative of each class with XA 3 0. 
Now it is easy to check that A = (f : A?2nf1 -+ kf2n+’ 1 f is an induced map on 
A?2n+1 from a Legendre transformation on IR$+’ } is a discrete group of order 2” isomorphic to 
:&s X & x . . . x Z2, with generators fA(z’, . . . , zn. u) = (~1, . . . , -i ‘zA, . . zn, u - iIm(zi>). 
where i2 = - 1. This group acts freely on M - 2nf’ Since both Z2 and A leave invariant the . 
contact metric structure given on lR@+‘, we have: 
Definition. The reduced thermodynamicalphase pace is defined as the contact metric manifold 
j42n+l = &2rI+l/~. 
This is not. of course, the only possible reduction; nor the set of Legendre transformations 
is the maximal isometry group of A4 2nf1 . However A is the group of isometries that is relevant 
for thermodynamical purposes. 
Given that the action of (Z# on (lR$” is multiplicative, we see that %2n+‘, which can be 
described as {(z 1, . . . , zn, u> 1 Re (ZA) 3 0 and (0, YA) - (0, -yA)}. is diffeomomorphic to 
CL‘?’ x &t)” x Ik, the diffeomorphism given by zA = rAelsA F+ rAe2iHa, 8 E [-n/2, n/2). Now the 
action of A commutes with that of (Z#. Hence the Legendre transform on RF+’ = (lR$” x IR, 
,f;(z,. zJ, u) := (-i ‘21, ZJ, u - i Im(zf .z,)), inducesamapon M2n+‘: ?-A@” ++ rAe i(2Hn --.?) 
Therefore, 
Theorem. The reduced thermodynamicalphase pace M 2nf’ is diffeomorphic to (S’ x IR)“’ x 7%. 
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